RELATIVE CURVATURE

«Worm & Wheel win
STRAIGHT LINE GENERATRIX
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Nomenclature

Axial module (mm)

Helix angle (deg.)

Helix angle at normal plane (deg.)

Axial pressure angle (deg.)

Pitch circle radius of wheel (mm)

Curvatures for worm and wheel respectively. (mm-1)
Equivalent curvature at axial plane. (mm-1)

Equivalent curvature at normal plane.(mm-1)

Angle (polar coordinate) with respect to the vertical plane for
point of contact P

Pitch circle radius. (mm)

Base circle radius. (mm)

Lead angle at base circle diameter.(deg.)

Lead angle at pitch circle diameter.(deg.)

Axial pressure angle at pitch circle diameter.

Normal pressure angle at pitch circle diameter. (deg.)
Transverse pressure angle at pitch circle diameter. (deg.)
Angle of generatrix (or pr. Angle of straight tooth rack). (deg.)

The contact on single enveloping worm gear drives is the line con-
tact. The changing form of the worm across the face of the gear
makes it impossible to derive a simple mathematical expression
for the contact curvature. In addition, the combination of the lead
angle of the worm and position of the pitch plane of the worm in
reference to the worm thread profile has predominant influence
on the position and form of the actual contact line. The author
here presents a report on the relative curvature of the worm and
wheel at sections parallel to the axial section of a worm.

Curvature & Radius of Curvature

A curve is the locus of a point whose position vector r relative to
a fixed origin may be expressed as a function of a single variable
parameter. It is usually convenient to choose as the scalar param-
eter the length s of the arc of the curve measured from a fixed
point A. Let P Q be the points on the curve whose position vectors
are r, r + ér corresponding to values s, s + 6s of the parameter
then 6r is the vector PQ. The quotient ( 6r / 6s) is a vector in the
same direction as 6r and in the limit, as 6s tends to zero, this
direction becomes that of the tangent at P Moreover, the ratio of
the lengths of chord PQ and the arc PQ tends to unify as Q moves
up to coincide with P Therefore, the limiting value of (or / ds)is a
unit vector parallel to tangent to the curve at P and in the positive
direction (see fig. 1). If it is designated by t, then:

t=Lt. (6r/ds)
65—0
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The curvature of the curve at any point is the arc rate of rotation of the
tangent. Thus, if 66 is the angle between tangents at P & Q, 66 / ds is the
average curvature of the arc PQ, and its limiting value as s tends to zero
is the curvature at the point P This is sometimes called the first curvature
of circular curvature. We shall denote it by k.

Thus, K = Lt. (60/6s)=d0/ds = 0" =1/p
05—0

p is called radius of circular curvature. The relative curvature of the sur-
faces in contact will be

1/p=1/p, + 1/p,

A negative sign will be attached with the radius (p, or p,) which is con-
cave.

Tooth Profiles & Geometrical Relations

For general industrial purposes, helicoid sections for worm and wheel are

mostly involute helicoids and screw helicoids. Both of these helicoids can A
be generated with a straight line generatrix, therefore their tooth geometry

is simpler. Involute helicoids may be generated either by hobbing or by

lathe (see fig. 2). When it is generated by lathe, half of the cutter included

angle must be equal to the lead angle of base helix. From the properties

of the involute helicoids, it is known that the teeth flank will have some

curvature in its transverse section and the radius of curvature at pitch

point will be given by:
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p =R Sinas @
A normal section of the curvature will have a radius of curvature:
p,=R, (Siny, + Cos’y) = R ( Sina, /Cos’(90~y))=R, (Sina, + Siry) 2)
The radius of curvature at axial section is related with the radius of curvature at normal section according to the following equation:
1/p,=(1/Cosy)*(Cosa,/Cosa, P [(1/p, )+( Sinzy/Rp) * Sino, *(1+ Cos® a, )] (3)
By putting the value of p, from equation (2) in the equation (3) and simplifying it, the following equation is obtained:
1/p,= ( Siy/R,)*[(1/SirPa, )+ Sina, * (1+ Cos’ a, )]
*(1/ Cosy)*(Cosa,/ Cosa, F (4)

The radius of curvature at the axial section of the involute worm is obtained. The radius of curvature at axial section of screw helicoids is inde-
pendent of its axial pressure angles, lead angle, and pitch diameter of the worm or wheel. Here curvature is a constant and is equal to zero.
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Curvature Radius at a Section Parallel to Axial Section
The radius of curvature of the worm tooth flank at a point P is to be determined [2]. We follow Cartesian coordinate system, in which the central
point of the transverse section of the worm is the origin (see fig. 3).

The worm axis represents Z axis, and the X & Y axis are as shown in the transverse section of worm. The coordinate of any point P on the
helicoids (flank) will be the function of x, y & z. But for any section parallel to axial section, the value of y will be constant. Therefore, for a par-
ticular point R z is the function of x only. From the definition of the pressure angle at any section it is known that:

Tan o= 9Z /oX
Or (1/CoS?a) = 1+ (3Z/ X P
The point P in xx section may be indicated either by Cartesian coordinate system X, y, and z or by the polar coordinate B, 1, z, so it is given that:
P=x+)y and TanpB = y/x
In the worm axial section AA, Y, = 0, X, =r and z, being a function of r is given by z, =f(r)
Therefore, Tan o, = (d f(r)/dr) ; 1/p, =-Cos®a, = (Ff(n/dr)
The equation to the helicoids plane is:
z=f(r)- (BL /2r)
Therefore, in section xx, Tan a (dz/dx)
(of(n/dr)@r/dx)-(dB/dx)(L/2x)

(af(n/ar)(x/r)-(L/2xr)(y/ (¢ +y))
Tana, Cos B + Tany Sinf (5)

1/ p1 =-[Cos’a (dz/dx)]
=-CoSa [(PFf(r),/dr)dr/ dxP)+ If(r)/dr)Pr/dx2)-(FL/IxXP)(L/2x)]

=+ Cos’a [ (Cos®* B/ (p, Cos® a, ) — (Tan o, Sir? B / 1) + (2Tan y Sin B Cos /' r) (6)

Relative Curvature of the Worm and Wheel Teeth Profile
1/p=(r,Sina- (&/p) +a)/(1{a/p)? (7)
When, a=((Rp-rCosf)/ Cosa) (8)

It is to be noted that for the present coordinate system p, is positive when wheel flank is convex. p, is positive when worm flank is concave [2].

EXAMPLE 1

To calculate the relative curvature of an involute heli-
coid worm at a section which is parallel to axial sec-
tion, the point of contact is assumed to make an angle z
approximately 20 degree with vertical plane. The worm
have following gear parameters:

(Axial) Module m=5, No. of start of worm Z,
= 1 diametrical quotient g = 10. Root diame-
ter d_, = 38.20 mm. Pitch circle diameter d =
50mm. Addendum diameter da = 60 mm, lead
angle (at pitch circle diameter ) y, = 5.71059°.
Normal pressure angle ( at pitch circle diameter )
a, = 20°. Working center distance a’'= 125mm. Wheel
teeth number Z, = 40. Transmission ratio /= 40.

|>
lX

SEC - AA

Solution: The exact coordinate point of contact in this
case will be g =20.762, r= 26.28 mm. (see ref. 3 ).
The geometrical relations for involute helicoids worm
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Tar?y, = Tar’ o, = Tarfa,, + Tan’ y,....(J)
Tano, = Tan o, / COS ¥ uueeeriarennns (ii)

From equation (ii)
From equation (i)

a,, = 20.09179 degree. Here, Rp = 25 mm
a,=20.767152 degree

Substituting the values in equation (4) p, = 273.80396 mm

From equation (5)

Tan o = Tan 20.09179 Cos 20.762 + Tan 5.71059 Sin 20.762
= 0.3774808
a = 20.6806°

From equation (6) p,= 278.91121 mm

From equation (8) a =0.4559783 mm

From equation (7) p = 35.88828 mm

EXAMPLE 2

To calculate the relative curvature of a screw helicoids worm at a sec-
tion which is parallel to axial section. The point of contact is assumed
to make an angle 20 degree with vertical plane. The worm of wheel
have the same gear parameters as in example 1 except instead of
normal pressure angle, axial pressure angle

(at p.c.d.) = 20 degree.
Solution: The contact position remains almost same for all types of

worm and wheel which has got straight line generatrix (see note * at
end). Therefore, here also it may be taken as:

p = 20.26 degree, r =26.28 mm
At any position in axial section of screw helicoids 1/p,=0
From equation (6) 1/ p~= 0.00070569 ,0, = 1417.05 mm

a=0.4559783 mm

From equation (7) p =35.79487 mm

EXAMPLE 3

For the gear pair of example 1 calculate the relative curvature at a sec-
tion parallel to vertical plane making an angle approximately equal to 30
degrees.

Solution: The exact point of contact in this case will be at §=-28.155
degree, r = 28.35. The negative sign attached with indicates angle is
at opposite side of assumed direction. So it can be dropped.

From equation (4)

1/ p, =0.00365224 p,=273.80396 mm

From equation (5) a = 20.2888 degree

From equation (6) 1/ p, =0.00325236 p,=307.46823 mm

a = 0.00484252 mm.
From equation (7) P = 34.679834 mm.
EXAMPLE 4

For the gear pair of example 2 calculate relative curvature at a section
parallel to vertical plane, making an angle of 30 degrees.

gearsolutionsonline.com .

Solution: g = 28.1°, r= 28.3 mm a = 20.2888 degree

From equation (6) 1/p =0.000068584, p=14580.64 mm
From equation (7)
EXAMPLE 5

For the gear pair of example 1 calculate relative curvature exactly at

axial section.

p= 34.665665 mm.

Solution : Calculated  p, = 273.80396 mm, S =0 degree,
r =25 mm=Rp
a = a= 20.09179 degree, a=0

=r_, Sin 20.09179°
p =100 Sin 20.09179°
= 34.3525 mm
EXAMPLE 6

For gear pair of example 2, calculate relative curvature exactly at axial
section

Solution: Here t =r, Sina,
= 100 Sin 20°
= 34.220 mm

Conclusions

Results show that the difference in relative curvature is more promi-
nent toward the axial plane. As shifted from the axial plane, the dif-
ference in relative curvature between screw helicoids and involute
helicoids goes on reducing.

It is noticed that the amount of relative curvature at a particular
section is more in involute helicoids than the screw helicoid. In terms
of only Hertzian contact stress (ignoring other factors like effect of
contact ratio), involue helicoids should have better strength. E
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* “A comparison of figures shown a very close agreement between the
forms and positions of the projections of the contact lines of the screw
helicoids and the involute helicoids on the end sections of the worms,
particularly those portions of them which lie on the thread sections
of worms. Therefore, except for critical drives, which should always
be analysed in detail, the conditions on either type of helicoids may
be used as a very close approximation to those on any other type of
helicoids with a straight line generatrix”—Buckingham.
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The Allerton Hotel

701 N. Michigan Ave.
(312) 440-1500
www.theallertonhotel.com

Amalfi Hotel Chicago
20 W. Kinzie St.
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160 E. Huron St.
(312) 265-3410
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Chicago Marriott Downtown Magnificent Mile

540 N. Michigan Ave.
(312) 836-0100
www.chicagomarriottdowntown.com

Congress Plaza Hotel

520 S. Michigan Ave.

(312) 427-3800
www.congressplazahotel.com

Conrad Chicago Hotel

521 N. Rush St.

(312) 645-1500
www.conradhotels1.hilton.com

Crowne Plaza Chicago Metro
733 W. Madison St.

(312) 829-5000
www.crowneplaza.com

Embassy Suites Chicago Downtown
600 N. State St.

(312) 943-3800
www.embassysuiteschicago.com

Essex Inn

800 S. Michigan Ave.
(312) 939-2800
WWW.ESSexinn.com

Hilton Chicago

720 S. Michigan Ave.
(212) 925-6990
www.chicagohilton.com

Hotel 71

71 E. Wacker Dr.
(312) 346-7100
www.hotel71.com

Hotel Monaco

225 N. Wabash Ave.
(312) 960-8500
Www.monaco-chicago.com

Hyatt Regency Chicago

151 E. Wacker Dr.

(312) 565.1234
www.chicagoregency.hyatt.com

Inn of Chicago Magnificent Mile
162 E. Ohio St.

(312) 573-3103
www.innofchicago.com

Omni Chicago Hotel

676 N. Michigan Ave.

(312) 944-6664
www.omnihotels.com/chicago

Renaissance Chicago Hotel
1 W. Wacker Dr.
(312) 372-7200
WWW.renaissancehotels.com

Swissotel Chicago

323 E. Wacker Dr.

(312) 565-0565
www.swissotelchicago.com



